We monitored BL Lacertae simultaneously in the optical B, V, R and I bands for 13 nights during the period 2012-2016. The variations were well correlated in all bands and the source showed significant intraday variability (IDV). We also studied its optical flux and colour behaviour, and searched for inter-band time lags. A strong bluer-whenbrighter chromatism was found on the intra-night time-scale. The spectral changes are not sensitive to the host galaxy contribution. Cross-correlation analysis revealed possible time delay of about 10 min between variations in the V and R bands. We interpreted the observed flares in terms of the model consisting of individual synchrotron pulses.
INTRODUCTION
BL Lacertae is the archetype of BL Lac class, which together with flat spectrum radio quasars (FSRQs), constitutes a violently variable class of active galactic nuclei (AGN) known as blazars. Blazars are characterized by high and variable polarization, synchrotron emission from relativistic jets, coredominated radio morphology and intense flux and spectral variability in all wavelengths ranging from radio to γ-ray on a wide variety of time-scales (Urry & Padovani 1995; Wagner & Witzel 1995; Böttcher et al. 2003) . Blazar variations can be divided into long-term variability, short-term variability and microvariability. Magnitude changes of few hundredth to tenths over a day are called intraday variability (IDV) or microvariability (Miller et al. 1989; Howard et al. 2004; Agarwal & Gupta 2015) .
BL Lacertae, located at redshift value of z = 0.0668±0.0002 (Miller & Hawley 1977) , is hosted by a giant elliptical galaxy with R=15.5 (Scarpa et al. 2000) . As its first spectral component peaks in near-IR (NIR)/optical region, BL Lacertae is a typical low-frequency peaked blazar (LBL) with the radio to X-ray spectral index equal to 0.84 (Fossati et al. 1998; Fiorucci et al. 2004) .
BL Lacertae was continuously observed by several multiwavelength campaigns carried out by the Whole Earth Blazar Telescope (WEBT/GASP) (Villata et al. 2003 (Villata et al. , 2004 Bach et al. 2006; Raiteri et al. 2009 ). Numerous investigations have been carried out to search for the flux variations, spectral changes and periodicities (Epstein et al. 1972; Carini et al. 1992; Villata et al. 2002; E-mail: jhwu@bnu.edu.cn 2003; Agarwal & Gupta 2015; Gaur et al. 2015) . The majority of the observations revealed that its IDV amplitude is larger at higher frequencies and decreased as the flux increased. These studies confirmed the presence of bluer-whenbrighter (BWB) trend, but yielded no evidence for periodicities (Carini et al. 1992; Villata et al. 2002; Gaur et al. 2015) . Hagen-Thorn et al. (2002) proposed the evidence for periodicity of 308 d for total flux variations in 22 yr. Most authors did not find any significant time lags between different optical bands during a single night observation (Nesci et al. 1998 ). However, Papadakis et al. (2003) found that the delay between B-and I-band light curves was ∼ 0.4 h. In addition, a possible time-lag between e and m bands was reported as ∼ 11.6 min by Hu et al. (2006) .
Polarimetric monitoring can offer information about the physical processes in blazar. Unlike radio polarization, optical polarimetry probes the central nuclear regions of blazar jets (Falomo et al. 2014) . The optical polarized emission, as a potential good tracer of the high-energy emission, is being widely studied (Marscher et al. 2008; Raiteri et al. 2013; Sorcia et al. 2013; Covino et al. 2015) . Since blazar optical radiation is dominated by the synchrotron mechanism, this implies the presence of highly ordered large scale magnetic fields (Westfold 1959) . Observation of optical polarizations of BL Lac objects has shown the degree of polarization varies on time-scales from IDV to years (Impey et al. 2000; Tommasi et al. 2001; Sasada et al. 2008) . Occasionally, the correlation (Hagen-Thorn et al. 2008 ) and anticorrelation (Gaur et al. 2014 ) between the total and polarized fluxes is observed, while in general no clear relation is found.
In this paper, we studied the IDV and colour behaviour of this object, and searched for the inter-band time lags with data collected during the period 2012−2016 with high temporal resolution. The results can give us insight into theoretical causes of variability. This paper is organized as follows: Section 2 describes the observations and data reductions, and Section 3 provides a brief introduction to various analysis techniques, followed by the results in Section 4. The discussion and conclusions are in Sections 5 and 6, respectively.
OBSERVATIONS AND DATA REDUCTIONS
The monitoring was performed with three telescopes at Xinglong Station of the National Astronomical Observatories Chinese Academy of Sciences (NAOC). The details of the telescopes are shown in Table 1 . We observed BL Lacertae in the B, V, R and I bands for 13 nights covering the period from 2012 November 5 to 2016 January 17. During 12 of those nights, we observed simultaneously in different bands, providing a total of 24 intraday light curves. The longest individual duration of observation was about 7.7 h. The entire observation log together with all the available results is presented in Table 2 . More than ten thousand original data points were collected on the 13 nights.
The data reduction procedures included bias subtraction, flat-fielding, extraction of instrumental magnitudes and flux calibration. The pre-processing of the raw data was accomplished by using standard procedures in the IRAF 1 software. For each night, photometry was carried out with five different aperture radii, i.e., ∼ 1× FWHM, 1.5×FWHM, 2× FWHM, 3×FWHM, 4× FWHM. The minimum standard deviation of photometric error corresponds to the best aperture and we finally selected the best aperture data for our analysis. Three local comparison stars (B, C, H in Fig. 1) were observed in the same field. The standard magnitudes of these stars in the B, V, R and I bands are given by Smith et al. (1985) . The brightness of BL Lacertae was calibrated relative to the average brightness of stars B and C. They have similar magnitude and colour to BL Lacertae. Star H acted as a check star. The host galaxy of BL Lacertae is relatively bright and its contribution to the magnitudes was subtracted after flux calibration in order to avoid contamination. Hyvönen et al. (2007) derived a B magnitude of 17.35 for the host galaxy of BL Lacertae. The host galaxy contribution in V, R and I bands was inferred by adopting the elliptical galaxy colours of B − V = 0.99, V − R = 0.59 and V − I = 1.22 from Mannucci et al. (2001) . Villata et al. (2002) estimates that the host galaxy contribution to the observed flux is about 60% of the whole galaxy flux. The magnitudes were transformed into flux and the host galaxy contribution was removed.
Given that short exposure times cause the data dispersion, a smoothing algorithm was implemented for the data in 2013, 2014 and 2015. The data were smoothed using the average of each 3 mins bin. The overall light curves of this source are displayed in Fig. 2 . Small black dots denote original data and different colour dots denote smoothed data in different passbands. There are about 2000 smoothed data points used for further calculation. For clarity, several band light curves are shifted correspondingly.
VARIABILITY DETECTION CRITERIA
To quantify the IDV of BL Lacertae, two statistical analysis techniques were adopted, the χ 2 test and ANOVA test.
χ 2 test
The χ 2 statistic is defined as:
where, V is the mean magnitude of all ith observation V i with a corresponding error σ i . The exact errors from the IRAF reduction package are smaller than the real ones by a factor of 1.3 to 1.75 (Gupta et al. 2008; Agarwal & Gupta 2015) . We chose the factor of 1.5 for data processing to get a better estimate of the actual photometric errors. If the actual variability is greater than the critical value at the N − 1 degree of freedom and selected significance level, then the presence of variability can be claimed.
ANOVA test
de Diego et al. (1998) used the one-way ANOVA to investigate the variability of quasars. The mathematical description of the one-way ANOVA test is as followed: if y i j represents the ith (with i = 1, 2 . . . , n j ) observation on the jth (with j = 1, 2, . . . , k) group, the linear model describing every observation is
where, y represents the mean value of the whole data set, g j = y j − y the between-groups deviation and ε i j = y i j − y i the within-groups deviation. Our observations on each night were divided into groups of five consecutive data points. The total sample variation can be separated between and within group deviations:
Equation (3) can be shortened to SS T = SS G + SS R . SS T stands for the total sum of squares that describes the total deviation of the data with respect to the mean. SS G stands (1) Date; (2) colour; (3) the average value of different colours (in mag); (4) the average optical spectral index; (5) colourtime correlation slope; (6) colour-time correlation intercept; (7) correlation coefficient; (8) Spearman correlation coefficient; (9) null hypothesis probability; (10) F-test results; (11) critical value of F-test; (12) if the results are greater than the critical value of F-test, we will plot them in Fig 4. for the right-hand side of equation (3) and SS R is the total error. The statistics corresponds to the F distribution with k − 1 and N − k degrees of freedom.
For a certain significance level, if F value exceeds the critical value, the null hypothesis will be rejected and implying the existence of variability. Figure 3 . colour-magnitude diagrams of BL Lacertae.
RESULTS

Light Curves and Flux Variations
The light curves we obtained are shown in Fig. 2 . We adopted two statistical analysis techniques described in Section 3 to search for variability and the results are listed in Table 2 . The first column of Table 2 shows the observation date, while the second column records the telescope. The band and number of the data points are given in the 3rd and 4th columns respectively. The observation durations are listed in the 5th column and the test results of χ 2 and ANOVA are in the 6th and 7th columns. If F value exceeds the critical value (CV) at the 99% significant level, the null hypothesis that there is no variations will be rejected. BL Lacertae is marked as Y if the variability conditions for each test are satisfied, while N means no variations. The final column is IDV amplitude.
The IDV amplitudes are given by Heidt & Wagner (1996) : where m max and m min are the maximum and minimum magnitudes, and σ is the standard deviation. The variations were well correlated in all bands. As can be seen, there are variations on four nights that are detected by both tests. We calculated their amplitudes using the above equation. The maximum amplitude of IDV is 15.85% in the B band on 2015 October 19. The amplitude of IDV is greater in higher energy bands. This has been observed in BL Lacertae (Webb et al. 1998; Nesci et al. 1998; ?) . The amplitude of variability in different bands is changed during different nights. The comparison results of two tests indicate that ANOVA shows efficient detection of IDV with small flares. Several small flares can be seen in the light curves on four of these nights, which can be claimed as the IDV by ANOVA test. We interpreted the observed flares in terms of the model consisting of individual synchrotron pulses in another section below.
colour behaviour
We investigated the colour behaviour with respect to the brightness of BL Lacertae for each separate night. The colour indices of B − R, V − R, V − I and B − I are calculated by using the almost simultaneous B, V, R and I magnitudes. Because of the existence of gaps in the light curves on 2015 October 18, we plotted two separate diagrams and the results are displayed in Fig. 3 . We fitted the colour-magnitude diagrams with a linear model (where r is the correlation coef- ficient) and calculated the Spearman correlation coefficient (Sc). Three of them were left out since they were not able to meet the conditions of the F-test after linear regression analysis.
The source exhibits a bluer-when-brighter (BWB) trend that has been reported previously (Racine 1970; Speziali & Natali 1998; Vagnetti et al. 2003; Stalin et al. 2006; Papadakis et al. 2007; Ikejiri et al. 2011; Gaur et al. 2015; Wierzcholska et al. 2015) and unambiguously confirmed as a universal aspect in blazars by Ikejiri et al. (2011) . Especially on 2015 October 19, the Sc value reaches up to 0.9689, indicating the significant linear correlation between colour index and magnitude. Too few data points on several observations, particularly on 2016 January 16, made the fitting unreliable. The Sc values are less than 0.6 on three nights that all have flares. The existence of flares may have the opposite effect on the colour behaviour of BL Lacertae. Gaur et al. (2015) interpreted the weakening of the colour-magnitude correlations as the superposition of many distinct new variable components. ? proposed a new definition of microvariability as the short term oscillations distinct from the linear variability. Wierzcholska et al. (2015) argued that the observed BWB behaviour was intrinsic to the jet emission regions.
The colour trend in blazars on intraday time-scales can help us investigate the origin of blazar emissions. Fig. 4 shows the plots of each colour index against intraday timescale with fitting lines. The best-fitting values of slope, intercept, r, Sc, and null hypothesis probability are listed in Table 3 . A positive slope implies significant positive correlation between colour index and time when both r and Sc are greater than 0.9. We also gave the F-test results and the critical values after linear regression analysis. Since some of them were not able to meet the conditions of the F-test, we did not plot them in Fig. 4 . The average colours < CI > and the corresponding spectral indices < SI > are given in Table 3 as well. According to Wierzcholska et al. (2015) , the average spectral indices are derived simply as
where A and B stand for different bands, and ν A and ν B are effective frequencies of the respective bands (Bessell et al. 1998 ). The spectral indices varied slightly as shown in Fig. 5 .
The spectral indices of α BR , α BI and α V R changed by only 0.21, 0.02 and 0.45, respectively. The α V I even remained unchanged due at least partly to the few data points. The accretion disc radiation is expected to be overwhelmed by that from the strongly Doppler-boosted jets, so the observed spectral variations in blazars cannot be explained by the accretion disc. The relatively steep spectral indices indicate strong synchrotron emission from the blazar jet and small accretion disc contribution (Agarwal et al. 2016 ).
Cross-correlation analysis and time lags
We performed the correlation analysis to search for the possible inter-band time lags by using two cross-correlation methods. The first one is the z-transformed discrete correlation functions (ZDCFs) method (Alexander 1997) . ZDCF deals with under-sampled light curves and divides all observation points into equal bins. It uses Fisher's z-transform to stabilize the highly skewed distribution of the correlation coefficient. The Gaussian fitting (GF) is made to the central ZDCF results. Meanwhile, we try another way to measure the lags and errors by interpolated cross-correlation function (ICCF) method (Gaskell & Peterson 1987) . The error was estimated with a model-independent Monte Carlo method, and the lag was taken as the centroid of the crosscorrelation functions that were obtained with a large number of independent Monte Carlo realizations. This is the flux-randomization/random-subset selection (FR/RSS) approach described by Peterson et al. (1998 Peterson et al. ( , 2004 . Five thousand independent Monte Carlo realizations were performed on each light curve. One problem in the GF is that it usually underestimates the error for time delay (Wu et al. 2012) . The results for ZDCF+GF are only for reference. The FR/RSS lags have significance lower than 3σ except for the V − R lag on 2013 October 20. On that night, the variability in the R band led that in the V band by 11.8 min. The correlation analysis plot is displayed in Fig. 6 . Date and the correlated passbands are given at left side. The peak of the Gaussian profile (the dashed line) is marked with a vertical dotted line. A negative lag (τ) means that the later variation leads the former one. Because of large errors, no time delays were found on other nights. Since the data were binned at 3-min intervals and we used the binned data to estimate the time lags, so the result of 11.8 mins should be reasonable. Wu et al. (2012) discussed the possible key factors that determine the detectability of the optical time lags. Because the V and R bands are too close, the starting time of the variations would be almost the same. It is difficult to detect the time lags between optical bands. The similar flare structures are conducive to the study of time lag detection. Maximizing the number of data points and using integration times will lead to good signal-to-noise (Howell et al. 1988) . The exposure times for this source were too short to get good signal-to-noise data in 2014. A same temporal resolution of about 1 min in different optical bands is favourable in the time-lag detection of the BL Lacertae.
Pulse Analysis
Combining the results of the χ 2 test with those of the ANOVA test, we extracted five IDV light curves with several obvious flares to test the theoretical model, which was investigated by Bhatta et al. (2013) . Based on the light-curve profile given by Kirk et al. (1998) , they assumed a turbulent jet to explain the microvariability of blazar S5 0716+714. As the strong shock hits each stochastic cell, particle acceleration and subsequent cooling by synchrotron emission produce a pulse. The convolution of these individual pulse emissions from inhomogeneous cells of various sizes and density enhancements leads to the observed microvariability.
For every local peak in the light curve, its location was taken as the centre position of the cell, its amplitude as the degree of the density enhancement and its width as its spatial extension. We applied this model to five intraday light curves by using their pulse code. We used the Doppler factor of 7.3 to calculate the pulse shape (Hovatta et al. 2009) .
By varying the width and amplitude of the standard pulse, we have fitted each significant flare of the light curves. The resulting parameters for the pulses used in modelling the light curves are listed in Table 4 . The first column shows the observation date, while the second column records the band. The pulse IDs and the centre time of the pulse are given in the 3rd and 4rd columns respectively, and the amplitude is in the 5th column. Column 6 gives width ( τ pulse ) of each pulse. The number quoted in Column 7 is an estimate of the size of the cell in AU based on the assumed shock speed (u s = 0.1c) and the duration of the pulse. Fig. 7 shows the light curves fitted with the convolved pulses. Although the fit is not unique, it is representative of how well the model compares to the data. The correlation coefficient (r) of each fitting is calculated. On 2013 October 20, the peaks were missing in both bands; therefore, the correlation coefficients of fitting are less than 0.9. Based on the centre time of each pulse on 2013 October 20, the time lag is estimated to be about 8 min, which is consistent with the FR/RSS result. The other 3 d are well fitted with the model.
DISCUSSION
There are various models to explain the IDV flux of blazars. Intrinsic ones include the instabilities in accretion disc (Wiita 1996) and the shocks travelling down the jet (e.g. Marscher 1996 Marscher , 2014 , and references therein). Extrinsic ones involve gravitational microlensing (Schneider & Weiss 1987) and interstellar scintillation (Bignall et al. 2003) .
Following the turbulent jet model, Bhatta et al. (2013) interpreted the microvariability as emission from individual synchrotron cells, which are energized by a plane shock propagating down the jet. This results in an increase in flux resembling a pulse. Since turbulence is a stochastic process, each microvariability curve is a realization of it. We use five IDV light curves with several flares to test their theoretical model and get the turbulent parameters from our observations. There is a large range of length scales for the turbulent vortices. The largest cell size is ∼17.6 AU that could correspond either to the correlation length scale or to the physical width of the jet, while the smallest cell size is around 1.5 AU, could correspond to the Kolmogorov scalelength of the turbulent plasma. We can get a picture of the underlying turbulent structure. Fitting pulses to BL Lacertae microvariability curves give us a much better indication of the turbulent nature of the plasma in these sources. Miller et al. (1989) argue that the microvariations are produced very close to the central supermassive black hole (BH). Several works have attempted to estimate the mass of the BH in BL Lacertae (Fan et al. 1999; Woo & Urry 2002; Ghisellini et al. 2010; Capetti et al. 2010; Gupta et al. 2012) , which seems to be 0.1 − 6 ×10 8 M . If we assume fluctuations in the inner portions of the accretion disc, the observed minimum time-scale ∆t obs will provide an upper limit to the mass of BH. Emmanoulopoulos et al. (2010) pointed out that the first-order structure function (SF) sometimes leads to incorrect claims of time-scales. Hence, we adopt the ZDCF (in autocorrelation mode) method to get a possible IDV timescale. We choose the minimum zero-crossing time of the DCF as the correlation time-scale and get the time-scale of variability of 42.5 mins on 2013 October 20 (in Fig. ??) . Then according to Gupta et al. (2012) , the mass of BH can be estimated by,
For our target, M BH is calculated to be 0.49×10 8 M . If the variations arise in the jets and are not explicitly related to the inner region of the accretion disc, the BH mass estimation is invalid. We might try to launch possible multiwavelengths observation campaign in the future to gain a much more comprehensive understanding of the physical model of blazars.
CONCLUSIONS
Our conclusions are summarized as follows:
• We carried out a four-colour monitoring programme on BL Lacertae from 2012 to 2016. The variations were well correlated in all bands.
• The amplitude of IDV is greater in higher energy bands.
• After the host galaxy contribution was removed, the source exhibits a BWB trend. The spectral indices varied slightly.
• The possible time delays are about 10 min between variations in the V and R bands. The IDV light curves with flares are helpful to study time-lag detection. Further observations programme with a temporal resolution of about 1 min are needed to validate our time-lag results.
• Our data can be well fit by the model of individual synchrotron pulses.
